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Abstract 

An MV-module is an MV-algebra endowed with a scalar multiplica¬ 
tion with scalars in a PMV-algebra (i.e. an MV-algebra endowed with a 
binary “ring-like” product). We investigate the class of semisimple MV- 
modules over a semisimple and totally ordered integral domain, and prove 
an adjunction with a special class of linear spaces. 
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1 Introduction 

MV-algebra were defined in 1958 as the algebraic counterpart Lukasiewicz infinite¬ 
valued logic. They are structures (A,©,* ,0) such that (A, ©,0) is an abelian 
monoid, x** = x, and the equations {x* (By)* (By = {y*(Bx)*(Bx and a;©0* = 0* 
are satisfied for any x,y € A. The literature on the subject is very wide and we 
suggest [n 0 US] for further details. 

The standard model for an MV-algebra is the unit interval [0,1], with x®y = 
min(a: + y, 1) and x* = 1 — x and it generates the variety of MV-algebra. One 
of the most important achievement in the field is the categorical equivalence 
between MV-algebras and lattice-ordered groups with strong unit (£u-groups). 
We suggest nms] for further details on .^u-groups and related structures. 

In more details, given an .^u-group (G, u), the interval [0, u]g = {a:: G G | 0 < 

X < m} is an MV-algebra if we define x (B y = {x + y) Au and x* = u — x. This 
gives us a functor, denoted by T, from auG (the category whose objects are 
Abelian lattice-ordered groups with strong unit and whose morphisms are maps 
that are at the same time groups homomorphisms and lattices homomorphisms) 
to MV (the category whose objects are MV-algebras and whose morphisms are 
homomorphism of MV-algebras). 

Product MV-algebras (PMV-algebra for short) are obtained when we endow 
an MV-algebras with a binary and internal “ring-like” product min]. When the 
product is a scalar one, with scalars chosen in a PMV-algebras, we obtain the 
notion of MV-module. A Riesz MV-algebra is an MV-module over [0,1]. We 
remark that [0,1] can be seen as a PMV-algebra or a MV-module over itself, 
when the product (either scalar or internal) coincide with the usual product 
between real numbers. 

The functor P naturally extends to PMV-algebras and MV-modules. We obtain 
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a categorical equivalence between PMV-algebras and a proper subclass of lattice- 
ordered rings with strong unit (^M-rings) [5]; we will denote this functor by 
r(.p In the same way, in [7] it is proved the categorical equivalence between 
MV-modules over a fixed PMV-algebra P and lattice-ordered modules over the 
ftt-rings that corresponds to P via r(.); we will denote this functor by P/j, where 
r(.)(i?, u) = P. 

In this short paper we study MV-modules over a special class of PMV- 
algebras, that is PMV-algebras without zero-divisors. The main result is an ad¬ 
junction between such MV-modules and linear spaces over a totally ordered and 
Archimedean field. In order to apply some fundamental results from literature, 
we need to restrict our work to totally ordered and semisimple PMV-algebras. 

2 Preliminaries 

The main tool in our development is the tensor product of MV-algebras, defined 
by Mundici in M and further investigated in El uni HD- 

Given two MV-algebras A and B, the tensor product is the MV-algebra 
A 0mv B uniquely defined by the universal bimorphism f]: A x B ^ A ®rnv B 
such that /3(a, b) = a ®rnv b. We recall that a bimorphism is a bilinear map that 
commutes with V and A on both argument. 

An important subclass of MV-algebras is the one of semisimple algebras. 
An MV-algebra A is semisimple if the intersection of all maximal ideal (called 
Radical of A, and denoted by Rad(A)) is zero. We have that, via P, semisimple 
MV-algebras correspond to Archimedean £u-groups, where an Agroup G is said 
to be Archimedean if nx < y for any n S N and x > 0, implies x = 0. 

Since the class of semisimple MV-algebras is not closed under tensor product, 
in m the semisimple tensor product ®ss is defined as the quotient 

A®ssB ®7nv B j , 

for any A and B semisimple MV-algebras. It satisfies the following universal 
property, with respect to semisimple MV-algebras: 

for any semisimple MV-algebra C and for any bimorphism 13: A x B ^ C, 
there is a unique homomorphism of MV-algebras w: Ag^s B —)> [0, /3(1,1)] <i C 
such that w o Pa^b = /3, 

where Pa,b : Ax B ^ A ®ss B is defined by PA-,B{a, b) = a ^ss b. 

The notation [0,a] <i A means that [0,a] is an interval MV-algebra of A. See 
[HE] for further details. 

In [TU] the following is proved. 

Theorem 2.1. Let A be a unital and semisimple PMV-algebra, and B be a 
semisimple MV-algebra. Then A ®ss B is an A-MV-module. 

Moreover, denoted by Ua{M) the MV-reduct of M, an MV-niodule with 
scalars in A, the following universal property holds. 

Theorem 2.2. Let A he a unital, semisimple and totally ordered PMV- 
algebra, let B be a semisimple MV-algebra. Then for any unital and semisimple 
A-MV-module M and for any homomorphism of MV-algebras f: B ^ Ua{M) 
there is a unique homomorphism of A-MV-modules f : A B M such that 
f ° i-B.A = /) where lb,a : B ^ A (^ss B is the embedding in the tensor product. 
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In [3] the lattice-ordered counterpart of (E)ss is introduced: the authors 
define the tensor product of Archimedean lattice-ordered groups with strong 
unit. Given (G, uq) and {H, uh) ^w-groups, (G Gq H, ug ®a uh) is an ^rt-group 
uniquely defined, up to isomorphism, by a universal property with respect to 
Archimedean structures. 

In [in] the following is proved. 

Theorem 2.3. If {Ga,ua), {Gb,ub) cifs Archimedean £u-groups and A, B 
are semisimple MV-algebras such that A ~ r(G^,u^) and B ~ V{Gb,ub) then 
A®ssB 1:^ r(GA ®a Gb,Ua Ub). 

Remark 2.1. In |m PMV-algebras are defined in the most general case, while 
in m any PMV-algebra is unital and commutative. In the sequel we will use 
the definition from m- 


3 MV-domains 


We start this section with the dehnition of an MV-domain. 

Definition 3.1. A PMV-algebra P is called MV-domain ii x ■ y = 0 implies 
a; = 0 or 2 / = 0. 

Remark 3.2. In na, Montagna defines the quasi variety of PMV^-algebras, 
as PMV-algebras that satisfies the quasi-identity 
= 0 implies a; = 0. 

PMV+-algebras are therefore algebras without nilpotent elements, and by defi¬ 
nition any MV-domain is a PMV+-algebras. The converse is not true in general. 
We recall that for PMV+-algebras several important results holds, like the sub¬ 
direct representation theorem. 

Proposition 3.1. Let P be a totally ordered PMV-algebra. P is an MV-domain 
if and only if the corresponding lu-ring is a integral domain. 

Proof. One direction is obious. For the other direction, let P be a MV-domain 
such that P = r(.)(P, m), with (P,it) ^w-ring. 

Let X, y be elements of R'^ such that x ■ y = 0. There exist a;i,... x„, j/i,... ym 
in P such that x = 2/ = Sti Vj- Therefore 



Hence for any i = 1,...,n and j = 1,... ,m Xi ■ yj = 0. By hypothesis we have: 
(i) there exists one i such that Ui ^ 0, then we have all = 0, and then 


6 = 0 ; 


(ii) for any % we have ai = 0, then o = 0. 
The result follows from the total order on R. 


□ 


In the follow, we will denote by MVArDomP the category whose objects are 
semisimple MV-modules over a semisimple and totally ordered MV-domain P, 
and whose morphisms are homomorphisms of MV-modules. 
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Remark 3.3. (i) A P-ideal I for a P-MV-module A is an ideal that satisfies 
the condition ax G I for any a G P and any x G A. This condition is always 
satisfied when P is a unital PMV-algebra. 

(ii) By [71 Proposition 3.16] any object in MVArDomP is a subdirect prod¬ 
uct of totally ordered P-MV-modules. 

(ii) By 0 Chapter XIV Section 6 Lemma 2], in a totally ordered and 
Archimedean Pgroup any positive element is a strong unit. In particular the 
product-unit is a strong unit. 

4 The categorical adjunction 

Let LinSpArK be the category whose objects are Archimedean and lattice- 
ordered linear spaces with strong unit over K, Archimedean and totally ordered 
field with strong unit, and whose morphisms are homogeneous homomorphisms 
of Pgroups. 

Proposition 4.1. Let {V,u) be an object in LinSpArK, and h: Vj V 2 
a morphism between objects {Vi,ui) and (V2,W2) 0/ LinSpArK. Denoted by 
P the PMV-algebra r(.)(A, e), where e is the unit in K, is an 

element of MVArDomP, the category of Archimedean MV-modules over P. 
Moreover, ( 1 / 1 , 111 ) is an homomorphism of MV-modules T and 

r(if,e)(b 2 , M 2 )- 

Proof. It follows directly from Remark 13.31 and [71 Proposition 4.1]. □ 

Lemma 4.2. If R is an Archimedean and totally ordered integral domain, its 
quotient field F is Archimedean and totally ordered. 

Proof. F is totally ordered by [51 Theorem 10.4]. Let a,b G P+ such that 
na < b for any n G N. By definition, this comes to with xi,xi € R~'~ 

and yi,y2 G \ {0} such that a = ^, b = ^. The latter is equivalent to 
X2yi-nxiy2 g therefore X2yi — nxiy2 G R'^ and nxiy2 < X2yi. Since R is 
an Archimedean integral domain, we get Xiy 2 = 0 and a = 0. Trivially, the unit 
in R is unit in P. □ 

Theorem 4.3. Let M be an object in the category MVArDomP. There exists 
an Archimedean and lattice-ordered linear space with strong unit (V, u) over a 
totally ordered and Archimedean field (K, e) uniquely associated to M. 

Proof. By [71 Corollary 4.8], there exists an Archimedean .^u-group {G,u) and 
a totally ordered and Archimedean £u-ring {R,e) such that P ~ r(.)(i?, e) and 
M ~ e) (G, u). By [^ Theorem 3.3], e is unit in R and by Proposition l3.1l it is 
a integral domain. By Lemma HT51 the quotient field K = \ a,b G R b 0} 

is Archimedean, totally ordered and unital. 

By Theorem 12.31 T{K (g)a G, e u) ~ r(Ar, e) 'S>ss T{G,u) and by Theorem 
12.11 r(A', e) 058 r(G, u) is a MV-module over r{K, e), then by [T] Corollary 4.8] 
K (8)a G is Pmodule over K and since AT is a held, K (8)a G G LinSpArK. 

The uniqueness of K Cia G follows by construction. □ 

Proposition 4.4. Let M be an object in MVArDomP, with P semisimple and 
totally ordered MV-domain. Let {G,v) be the iu-group such that M ~ r(G, r;). 
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let {R,e) be the integral domain such that P = T(^.'j(R,e) and let K be the 
quotient field of R. For any object (V, u) in LinSpArK and any f : M ^ 
r(^ g)(y, u) homomorphism of P-MV-modules there exists unique : K®aG —> 
V morphism in LinSpArK such that o lm = f ■ 

Proof. By definition, (!/,«) is a r(.)(A, e)-MV-niodule and since P C 

r(A, e), / is weii defined as homomorphisms of P-MV-moduies. 

By Theorem 12.21 there exists f* : r(A, e) (8)gs M —> r(V, u), homomorphism of 
r(A, e)-ML-moduies. By Theorem I2.H1 r(A, e) ^ss M ~ r(A G,e v). 
Therefore by [TJ Coroiiary 4.8], /* extends in a unique way to /^: K®aG ^ V, 
morphism in LinSpArK. We remark that by Theorem 12.21 f* o lm = f, where 
Lm is the standard embedding of M in r(A, e) (8)ss M. □ 


Proposition 4.5. Let h be a morphism between the two objects M and N in 
the category MVArDomP, with P ~ r(.)(i?, e), M ~ T{G,vc), N ~ T{F[,vh) 
and let K be the quotient field of R. Then there exists a unique morphism 
h'^: K ®aG ^ K®P[ in LinSpArK such that o lm = ln o h. 

Proof. Let lm and ijv be the standard embeddings in the tensor products [lOj.Bv 
Theorem l2.31 T{K, e) (8)ss M ~ T{K ®aG,e® vq) and r(A, e) N ~ T{K 
H, c^vh)- With abuse of notation, we wiii denote by lm and ln the composite 
maps from M and N in T{K ^aG^e® vc) and r{K H,e^VH) rispectiveiy. 
By Proposition 23] applied on ln oh and lm there exists a unique h* : r(A, e) 0 
M T[K ®a H, e 00 vh), such that h* o lm = i^N ° h- 


M 


h 


N 


I'M 


Ln 


r{K, e)®M 


h 


-> T{K,e)®N 


Figure 1 

Again by Theorem 12.31 and [T] Corollary 4.8] there exists a map 0 \ K ®aG ^ 
K H. The uniqueness of h* gives us the desired conclusion. □ 

Let P be a semisimple and totally ordered MV-domain, let (P, e) be the du¬ 
ring such that P = r(.)(P, e), and let K be the quotient field R. We have two 
functors: 

• ^(K,e) • LinSpArK —MVArModP, which is the functor from [7]; 

• C: MVArModP —LinSpArK such that 

for any P-MV-module M, L{M) is the linear space K G dehned in 
Theorem 14.31 

for any morphism h, C{h) is the map h'^ dehned in Proposition 14.51 
Lemma 4.6. C is a functor. 
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Proof. Let h: A ^ B and g: B ^ C he homomorphisms of P-MV-modules, 
with A = T{G,uc), B = T{H,uh), C = T{L,ul)- 

As in Proposition 031 there exists h* : T{K, e) 0 A —^ r{K ®a uh), such 

that h* o LA = iB o h, and there exists g* : T{K, e) 0 B —5> r{K L,e® ujf), 
such that g* o Lb = i^c ° 9- Then 

{g* o h*) o LA = g* o {h* o La) = g* o {i^b o h) = {g* o lb) o h = lc o {g o h). 
Therefore, [g o h)* = g* o h*. Since C{g o h) is the extension of {g* o h*) by the 
inverse functor of h'(K,e)j {g ° = 9^ ° hK □ 

Proposition 4.7. Let M be an element in MVArDomP. Then 
(iM)M6MVAr]ViodP) with lm ■ M ^ r{K,e) 0 AI, are a natural transforma¬ 
tion between the identity functor on MVArDomP and the composite functor 
h'(K,e}^- 

Proof. Let N,L G MVArModP and let h: A ^ L an homomorphism of 
P-MV-modules. We have to prove that r(^e)£(h) o ln = ll ° h. This is 
straightforward, since by definition C{h) is the extension on linear spaces of h*, 
then r(x g)£(/i) = h* and the conclusion follows by Proposition 14.51 □ 

Theorem 4.8. The pair {T(^i( gpC) is an adjoint pair. 

Proof. £ is a left adjoint of h'(K,e) if, for any element M G MVArModP, any 
(y, u) G LinSpArK, and any homomorphism of P-MV-module h: M —>■ r(y, m) 
there exists a morphism in LinSpArK ■. K G ^ V, where M ~ r(G, u), 
such that e)(/i**) o lm = h. This is proved in Proposition 14.41 □ 

Remark 4.1. We remark that we cannot have an equivalence between the 
categories MVArDomP and LinSpArK. Indeed if (P, u) = (Z, 1), P = {0,1} 
and M = G MVArModP then K = Q and r(£(M)) = ([0,1] fl Q) 0 £3 ^ 
£ 3 - 

Lemma 4.9. Let P he a totally ordered and semisimple MV-domain such that 
P = r(.)(A, e), with K totally ordered and Archimedean field. Let M be an 
semisimple MV-module over P. If ax = 0, then a = 0 or a; = 0. 

Proof. By [71 Corollary 4.8], there exists a semisimple Gmodule with strong unit 
{V,u) over K such that M = Since K is a field, {V,u) is actually 

a linear space. The result follows by the remark that the property holds in any 
linear space. □ 

Proposition 4.10. Let P be a totally ordered and semisimple MV-domain such 
that P = r(.)(A', e), with K totally ordered and Archimedean field. Let M be an 
Archimedean MV-module over P. Then the map 

l: P ^ M, L{a) = al 

is an embedding of MV-algebras. 

Proof. By [71 Lemma 3.11(a)], t(0) = 0; by [T] Definition 3.1] if a + 6 is defined, 
then t(a + 6) = (a + 6)1 = al + 61 = t(a) + t(6) and l is linear; by [71 Lemma 
3.11(f)], (al)* = a*l, then i(a*) = 6(a)*. Moreover, a © 6 = (a A 6*) + 6. Since 
P is totally ordered, and any linear map is isotone by [HI Proposition 3.9], it 
follows that 6(a © 6) = 6(a) © 6(6). Finally, by Lemma [T31 l is injective. □ 
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